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Clustering Multivariate Rating Data
Within the CUB Framework
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Abstract. Among the models for the analysis of rating data, the CUB
(Combination of discrete Uniform and shifted Binomial random vari-
able) is particularly interesting because it gives an interpretation of the
dual latent factors believed to influence the final decision of a rater: feel-
ing and uncertainty. In essence, this model represents the distribution
of final ratings as a combination of a shifted binomial and a uniform
random variable. Within the framework provided by the CUB model,
we propose a mixture of multivariate CUB models to cluster multivari-
ate rating data, whose estimation is performed via the EM algorithm.
To evaluate our approach, we conducted two simulations, showcasing
the model’s consistency in handling complex data structures and cap-
turing underlying patterns. Our findings underscore the potential of this
methodology in uncovering hidden structures within multivariate rating
datasets, offering valuable insights in various research domains.

Keywords: Ordinal data - Model-based clustering - EM algorithm -
Mixture model

1 The CUB Model

In marketing, psychological and social research, questionnaires serve as a com-
mon tool to evaluate latent traits such as the perceptions, opinions, and attitudes
of respondents. These traits are often assessed using Likert-type rating scales,
where the results are gathered as ordinal data, meaning that there is a natural
ordering of the categories. Analyzing ordinal data can be challenging because it
requires addressing the inherent properties of ordinal variables. To tackle this
challenge, the CUB (Combination of discrete Uniform and shifted Binomial ran-
dom variables) model has been introduced [2], and then extended by several
researchers [6]. This model posits that the underlying decision-making process
leading to respondents’ final ratings is characterized by two latent components:
the feeling and the uncertainty.

The feeling component represents the rational aspect, reflecting respondents’
preferences for a particular item or attribute. On the other hand, the uncertainty
component captures inherent indecision present in human choices.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
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Given a scale with m categories, the rating r = 1,...,m is considered as the
realisation of a mixture of a shifted Binomial and a discrete Uniform random
variables, defined as follows:

P(r| & m)=nPsp(r|§) + (1 —m)Py(m),

where Psp(r | €) = ("7])(1—€)"1¢™ ", and Py(m) = . The former accounts
for the feeling, measured by the so- called feeling parameter 1—-¢€][0,1], and
the latter accounts for the uncertainty, which is measured by the uncertainty
parameter 1 — 7w € (0, 1], that is, the mixing proportion of the mixture.

2 A Mixture of Multivariate CUB Models

Clustering is an important tool for researchers to discover hidden structures in
data sets, and mixture models have been successfully applied to cluster data.
However, ordinal data have received less attention compared to other types of
data, especially in a model-based clustering context, where there are a few pro-
posals. The two most notable models are a model-based clustering relying on a
Binary Ordinal Search (BOS) algorithm [1] and clustMD, which assumes that
ordinal data are a generalization of a latent Gaussian [5].

In this section, a mixture model for clustering multivariate rating data fol-
lowing the CUB paradigm is presented. The CUB model is univariate, however,
clustering is usually performed with multivariate data. Therefore, we propose a
clustering algorithm based on a mixture of multivariate CUB models, which are
assumed to be conditionally independent.

Let r = (7i;)1<i<n,1<j<J be a multivariate ordinal variable, where the jth
component is an ordinal variable with m; categories; and let wj, be the mixing
proportion of cluster K, such that wy > 0 and Zszl wi = 1.

Under the assumption of conditional independence of the variables, the
marginal distribution of r is:

J

K
P(x|6) = ZwH[mPSB 7y | &0) + (1= m30) Pu(my)],

with 6 = (§,m,w), where § = (§i)1<j<ri<k<i, T = (Tjk)1<j<s1<k<K, W =
(Wr)1<k<i-

For mixture models there exists no close form for the ML estimators, there-
fore the parameters are estimated via the EM algorithm. To define the com-
plete log-likelihood, two latent allocation variables are introduced in the model:
z : (zx)1<k<xk is a random variable distributed as a one-order Multinomial dis-
tribution, z ~ M(1;wy,...,wk), such that z;; = 1 if the ith rater preferences
come from cluster k, and z;; = 0 otherwise. The second allocation variable
v : (Vj)i<j<, is dependent on the allocation variable z;, and it is distributed
as a Bernoulli with parameter m;,. The variable v;; = 1 if the preference of the
ith rater for the jth item comes from a Shifted Binomial of parameter £, and
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v;; = 0 if it belongs to a Uniform random variable. Therefore, the complete
log-likelihood is defined as follows:

n K J
f 9 r,z, V ZZZZk{ ln(wk) + Zvij [ln(wjk) + In [PSB(Tij | é}k)]]
j=1

1=1k=1

+

'M“

— i) [ 7rjk)+lnPU(mj)]}.
]:1

Starting from the initial set of parameters 8° = (&,7,w), the t-th iteration
(t > 0) is the following:

— E-step: forall1 <i<n,1<j<J,1<k< K, the conditional probabilities
of z are computed as follows:

E(zi, | 74;01)
_ )H [w3id Po(rig | €50) + (1= m3)) Py (m;)]
Skmawi T [ Pe(ris | €0) + (1= m0) Py (m;)]
= 7un(ri; 60) = 7).

Then, the conditional probabilities of the product z - v are computed:

E(zikvij | ’I”ij; 0(2&))

_ ( )PB(TU | ) ) T‘k(I'" H(t))
5,2PB<7~U\5“>> + (1 —7) Py(my)

= Vik(ﬁ'j;@ )) ‘Tik(ri;g(t)) = ﬂfﬁc

— M-step: update the estimation of the model parameters:

n t
D) D ie 1771(32
Tk n (t) ’
Zv 1 Tk
n t
5(t+1 . Die 1772(32( TU)
n t
Zz ln’b(j;é‘(mj 1)

n t
e _ X Ty
k - n :

The algorithm is stopped when a threshold is reached in the relative change
of the log-likelihood.
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3 Simulation Studies

In this section, a simulation study is performed to evaluate the performance of
the EM algorithm. 100 datasets of size n € {100, 1000} have been simulated from
a trivariate mixture (J = 3) of two CUB components (K = 2), each dimension
having nine categories (m; = 9). The set of parameters considered to generate
the simulated data sets is shown in Table 1.

Table 1. Set of parameters chosen for generating the simulated data sets.

k=1 k=2
w|0.40 0.60
j=1j=2j=3j=1j=2;j=3
0.60 0.60 0.50 |0.70 0.80 0.70
0.30 0.20 0.10 |0.70 0.80 0.70

3

7828

3.1 Simulation Study 1

On each data set, the EM algorithm is run 20 times with uniform random starting
parameters and setting the number of clusters equal to the real number (K = 2).
The algorithm stops when the relative change in the log-likelihood is less than
10~*. Finally, the run which provided the higher log-likelihood among the 20 has
been considered as the final output of the EM algorithm. The results improve as
the number of observations increases. The estimation of the parameter ;) seems
to be more difficult compared to the estimation of the other parameters. The
boxplots of the parameter estimates distributions with a sample of size n = 100
and n = 1000 are reported in Figs. 1, 2 and 3.

3.2 Simulation Study 2

The second simulation aims to check if the model can detect the real number
of clusters. As in the previous simulation, the EM algorithm is run 20 times on
both the data sets with uniform random initialization, and it is stopped when
the threshold on the relative change in the log-likelihood is reached. The EM
algorithm is run by considering different numbers of clusters K € {1,...,5}, with
K = 1 meaning that there are no clusters and the model is simply a multivariate
CUB. The estimated number of clusters corresponds to the one that leads to the
lower BIC value. The performances in the detection of the real number of clusters
are good with both sample sizes since the model detects two clusters in 97% of
cases with the data set of size n = 100, and in 100% of cases in the data set of
size n = 1000.



1.00

0.75

0.50

0.25

0.00

Clustering Rating Data 641

 *+ _*-+'+

11 T2 21 22 31 32

Fig. 1. Boxplots of the estimates of the parameters 7, considering the sample with
n = 100 observations (in red), and n = 1000 observations (in blue). The red triangles
represent the true values of the parameters.
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Fig. 2. Boxplots of the estimates of the parameters £;. considering the sample with
n = 100 observations (in red), and n = 1000 observations (in blue). The red triangles
represent the true values of the parameters.
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Fig. 3. Boxplots of the estimates of the parameters wy considering the sample with
n = 100 observations (in red), and n = 1000 observations (in blue). The red triangles
represent the true values of the parameters.

4 Conclusions

In this study, we introduced a mixture model for clustering rating data within
the CUB framework. The simulation results demonstrate promising outcomes in
estimating the mixing proportion and the feeling parameter. However, estimating
the uncertainty parameter appears to be more challenging. Additional simulation
scenarios will be explored to further assess the model’s performance.

It is important to note that a mixture of CUB models is not identifiable
due to the presence of the uniform component of different CUB models, which
are not distinguishable [1,4]. However, we expect that the probability of a non-
identifiable solution decreases as the number of variables in the data increases.
Moreover, we intend to apply the model to real datasets to demonstrate its
practical utility.
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